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The trees of order n  15 and algebraic connectivity no less than
2 − √3 have been recently classified. In this paper, we determine
all trees of order n  45 with algebraic connectivity in the interval[
5−√21
2
, 2 − √3
)
.
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1. Introduction
Let G be a simple graph on vertex set V(G) = {v1, v2, . . . , vn} and edge set E(G). Denote the
degree of vertex vi by d(vi). If A(G) and D(G) = diag(d(v1), d(v2), . . . , d(vn)) are the adjacency
matrix and diagonal matrix of vertex degrees of G, respectively, then the Laplacian matrix of G is
L(G) = D(G)−A(G). It is easy to see that L(G) is singular andpositive semidefinite. Thus its eigenvalues
may be denoted by
μ1(G)  μ2(G)  · · ·  μn−1(G)  μn(G) = 0.
Because μn−1(G) tends to reflect the connectivity properties of G (for example, μn−1(G) > 0 if and
only if G is connected), μn−1(G) is often called the algebraic connectivity of G and denoted by α(G).
Also, each unit eigenvector of G corresponding to α(G) is called a Fiedler vector of G.
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Recently the algebraic connectivity has received a great deal of attention(see, [1,2], for example).
Let Tn be the set of all trees of order n and let
T∗ = {T : T ∈ Tn , α(T)  2 −
√
3}.
For n  15 the trees in T∗ have been determined by [1,2], respectively. In this paperwewill determine
all trees with order n  45 and 5−
√
21
2
 α(T) < 2 − √3.
2. Algebraic connectivity of trees with diameter 4
In the following, we always assume that p1, p2, . . . , pk are integers such that
p1 ≥ p2 ≥ · · · ≥ pk ≥ 0, p1 ≥ p2 > 0, k ≥ 2, k + 1 + p1 + · · · + pk = n.
Let T(n, k, p1, . . . , pk) be the tree shown in Fig. 1.
Lemma 2.1 [1]. Let α(n, k, p1, . . ., pk) be the algebraic connectivity of T(n, k, p1, . . . , pk). Then
p1 + 2 −
√
(p1 + 2)2 − 4
2
 α(n, k, p1, . . . , pk) 
p2 + 2 −
√
(p2 + 2)2 − 4
2
, (1)
with either of two equalities holding if and only if p1 = p2. Moreover, α(n, k, p1, . . . , pk) is the smallest
positive root of equation ϕ(x, k, p1, . . . , pk) = 0 in x, where
ϕ(x, k, p1, . . . , pk) = x − k
x − 1 −
k∑
i=1
1
x2 − (pi + 2)x + 1 . (2)
Lemma 2.2 [1]. Let ps  ps+1 + 1  · · ·  pt−1 + 1  pt + 2 for 2  s < t  k. Then
α(n, k, p1, . . . , ps, . . . , pt, . . . , pk) < α(n, k, p1, . . . , ps − 1, . . . , pt + 1, . . . , pk).
Lemma 2.3. Let f (x) = x3 − (2pm + 3)x2 + (p2m + 3pm + 3)x − (2pm + 1).
(1) If m  2, pm  1, p1 = p2 and
x ∈
⎛
⎝p1 + 2 −
√
(p1 + 2)2 − 4
2
,
p2 + 2 −
√
(p2 + 2)2 − 4
2
⎞
⎠ ,
then f (x) < 0.
(2) If m = 1 and p1  2, then the roots of f (x) = 0 are in three intervals (0, 2p1 ), ( 2p1 , p1 + 1) and
(p1 + 1, p1 + 3), respectively.
Fig. 1. T(n, k, p1, . . . , pk).
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Proof
(1) It is easy to see that
f (x) = x
[(
x − 2pm + 3
2
)2
+ 3
4
]
− (2pm + 1).
Write g(x) =
(
x − 2pm+3
2
)2 + 3
4
. It is obvious that g(x) is a strictly decreasing function of x when
0  x  2pm+3
2
. Therefore, when 0  x  2pm+3
2
, we have that
0 < g(x)  g(0) =
(
2pm + 3
2
)2
+ 3
4
.
Since p1 > p2,m  2 and pm  1, we have that
0 <
p1 + 2 −
√
(p1 + 2)2 − 4
2
<
p2 + 2 −
√
(p2 + 2)2 − 4
2

pm + 2 −
√
(pm + 2)2 − 4
2
= 2
pm + 2 +
√
(pm + 2)2 − 4
<
2
pm + 4 <
2pm + 3
2
.
Therefore, form  2 and pm  1, when
x ∈
⎛
⎝p1 + 2 −
√
(p1 + 2)2 − 4
2
,
p2 + 2 −
√
(p2 + 2)2 − 4
2
⎞
⎠ ,
we have that 0 < g(x) < g(0) and x < 2
pm+4 . It follows that
f (x) <
2g(0)
pm + 3 − (2pm + 1)
=
[(
2pm + 3
2
)2
+ 3
4
]
· 2
pm + 4 − (2pm + 1)
= −3pm − 2
pm + 4 < 0.
(2) Ifm = 1 and p1  2, then
f (0) = −(2p1 + 1) < 0,
f (
2
p1
) = p
2
1(p1 − 2) + 4(p1 − 1)(p21 − 2)
p31
> 0,
f (p1 + 1) = −p1 < 0,
f (p1 + 3) = p1 + 8 > 0.
Thus the result follows.
Theorem 2.1. Let 1  m  k and pm − 1  pm+1  0.
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(1) If m  2, then
α(n, k, p1, . . . , pm, . . . , pk) < α(n, k + 1, p1, . . . , pm − 1, . . . , pk, 0).
(2) If m = 1, p1  2 and p2   p12  + 1, then
α(n, k, p1, . . . , pk) < α(n, k + 1, p1 − 1, . . . , pk, 0).
Proof. From Lemma 2.1, we know that α(n, k, p1, . . . , pm, . . . , pk) and α(n, k + 1, p1, . . ., pm −
1, . . . , pk, 0) are the smallest positive roots of the following equations
ϕ(x, k, p1, . . . , pm, . . . , pk) = 0
and
ϕ(x, k + 1, p1, . . . , pm − 1, . . . , pk, 0) = 0,
respectively. Simply calculations yield that
ϕ(x, k, p1, . . . , pm, . . . , pk) − ϕ(x, k + 1, p1, . . . , pm − 1, . . . , pk, 0)
= x2
[
x3 − (2pm + 3)x2 + (p2m + 3pm + 3)x − (2pm + 1)
(x − 1)2(x2 − (pm + 2)x + 1)(x2 − (pm + 1)x + 1)
]
= x
2f (x)
(x − 1)2[x2 − (pm + 2)x + 1][x2 − (pm + 1)x + 1] , (3)
where f (x) is the function defined in Lemma 2.3.
(1) Ifm  2 and p1 = p2, then for
x ∈
⎛
⎝p1 + 2 −
√
(p1 + 2)2 − 4
2
,
p2 + 2 −
√
(p2 + 2)2 − 4
2
⎞
⎠ ,
we have that
x2 − (pm + 2)x + 1 > 0, x2 − (pm + 1)x + 1 > 0.
So by Lemma 2.3 (1), the quantity in Eq. (3) is negative. From Lemma 2.1, the result follows.
(2)Whenm = 1 and p1  2, simply calculations yield that
f
(
2
p1 + 3
)
= −p
3
1 + 11p21 + 27p1 + 1
(p1 + 3)3 < 0.
If p2   p12  + 1, then
2
p1 + 3 
p2 + 2 −
√
(p2 + 2)2 − 4
2
.
Combining Lemma 2.3 (2), we conclude that
f
⎛
⎝p2 + 2 −
√
(p2 + 2)2 − 4
2
⎞
⎠ < 0.
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Further, when p1 = p2 and
x ∈
⎛
⎝p1 + 1 −
√
(p1 + 1)2 − 4
2
,
p2 + 2 −
√
(p2 + 2)2 − 4
2
⎞
⎠ ,
we have that
x2 − (p1 + 2)x + 1 < 0, x2 − (p1 + 1)x + 1 < 0.
So, when p1 = p2 and
x ∈
⎛
⎝p1 + 1 −
√
(p1 + 1)2 − 4
2
,
p2 + 2 −
√
(p2 + 2)2 − 4
2
⎞
⎠ ,
the quantity in Eq. (3) is negative. By Lemma 2.1, the result follows. 
Remark 1. The condition that p2   p12 +1 in Theorem 2.1 (2) is necessary. In fact, if set n = 10, k =
2, p1 = 6, p2 = 1 in Theorem 2.1, then by a calculation we have that
α(10, 2, 6, 1) >
32
125
>
127
500
> α(10, 3, 5, 1, 0). 
In the following, we define an operation of graphs. Let e = uv be an edge of a graph G. Let G′ denote
the graph obtained from G by contracting the edge e into a new vertex ue, which becomes adjacent
to all the former neighbours of u and of v, and adding a new pendent edge ueve, where ve is a new
pendent vertex. We say that G′ is obtained from G by separating an edge uv.
Lemma 2.4 [4]. Let e = uv be a cut edge of a connected graph G and suppose that G − uv = G1⋃ G2,
where u ∈ V(G1), v ∈ V(G2) and |V(Gi)| = ni  2(i = 1, 2). Let G′ be the graph obtained from G by
separating the edge uv. Then we have α(G′)  α(G), and the inequality is strict if either X(ue) = 0 or
X(ve) = 0, where X is a Fiedler vector of G′ corresponding to α(G′).
Lemma 2.5 [2]. Let T ′ be a subtree of T. Then α(T ′)  α(T).
Let S(t, n− 2− t) be the tree of order n obtained by joining the center of K1,t to the center of K1,n−2−t
with an edge.
Lemma 2.6 [3]. α(S(t, n − 2 − t)) is a strictly decreasing function of t for 0  t  n
2
− 1 and
α(S(t, n − 2 − t)) is the smallest positive root of the following equation.
λ3 − (n + 2)λ2 + [2n + ((n − 2 − t)t + 1]λ − n = 0.
Lemma 2.7. Let n  24 and 4  t  n − 6. Then α(S(t, n − 2 − t)) < 5−
√
21
2
.
Proof. By Lemmas 2.6 and 2.5, we have that
α(S(t, n − 2 − t))  α(S(4, n − 6))  α(S(4, 18)) < 1043
5000
<
5 − √21
2
.
The proof is complete. 
Theorem 2.2. Let n  45 and T = T(n, k, p1, . . . , pk). If p1  4, then α(T) < 5−
√
21
2
.
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Proof. We distinguish the following two cases:
Case 1. Assume that p2  3. By Lemma 2.1, the result follows.
Case 2. Assume that 1  p2  2. Repeat using Theorem 2.1 (1), T can be transformed into T ′ =
T(n, k′, p1, 1, 0, . . . , 0), where 2  k′ = n − p1 − 2. Thus we have α(T)  α(T ′).
If 2  k′  3, then by Lemma 2.5, we have that
α(T)  α(T ′)  α(T(44, 2, 40, 1, 0, . . . , 0)) < 1043
5000
<
5 − √21
2
.
If k′  4, then by separating the edge v0v2 of T ′, T ′ can be transformed into S(k′, n − 2 − k′) =
S(k′, p1). Combining Lemmas 2.4 and 2.7, we have that
α(T)  α(T ′)  α(S(k′, p1)) <
5 − √21
2
.
The proof is complete. 
3. Ordering trees by algebraic connectivity
From Theorem 4.13 of [2] we know that
T∗ = {K1,n−1, S(1, n − 3), S(2, n − 4)}
⋃{T(n, k, p1, p2, . . . , pk) : 1  p2  p1  2}.
In this section, we introduce four classes of trees: C1 − C4. We will show that if T is a tree of order
n  45, then (5− √21)/2  α(T) < 2− √3 if and only if T ∈ 4⋃
i=1
Ci . In particular, we give the first
three trees in Tn \ T∗(n  45) by their largest algebraic connectivity.
Now we define the four classes of trees as follows.
C1 = {S(3, n − 5)}, where S(3, n − 5) = T(n, n − 4, 3, 0, . . . , 0),
C2 = {T(n, k, 3, 1, p3, . . . , pk)},
C3 = {T(n, k, 3, 2, p3, . . . , pk)},
C4 = {T(n, k, 3, 3, p3, . . . , pk)}.
Lemma 3.1. The trees in C2 can be ordered by their algebraic connectivity in the decreasing order as
follows: T(n, n − 5, 3, 1, 0, . . . , 0); T(n, n − 6, 3, 1, 1, 0, . . . , 0); . . .; T(n, (n − 3)/2, 3, 1, . . . , 1)
(or T(n, (n − 2)/2, 3, 1, . . . , 1, 0)).
Proof. By Theorem 2.1 (1), it is easy to see those. 
By the similar reason above, we have the following lemma.
Lemma 3.2. Let T be an arbitrary tree in C3, then α(T)  α(T(n, n − 6, 3, 2, 0, . . . , 0)), with equality
if and only if T = T(n, n − 6, 3, 2, 0, . . . , 0).
Lemma 3.3. For an arbitrary T ∈ C2, H ∈ C3 and F ∈ C4, we have
min{α(T), α(H)} > α(F) = 5 −
√
21
2
.
Proof. By Lemma 2.1, the result easily follows. 
Lemma 3.4. α(T(n, n − 6, 3, 2, 0, . . . , 0)) < α(T(n, n − 6, 3, 1, 1, 0, . . . , 0)) < α(T(n, n −
5, 3, 1, 0, . . . , 0)) < α(S(3, n − 5)).
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Proof. By Lemma 2.2, Theorem 2.1 (1), the result can be proved. 
Lemma 3.5. Let n  15 and T ∈ 4⋃
i=1
Ci. Then (5 − √21)/2  α(T) < 2 − √3.
Proof. From Theorem 4.13 of [2], we have that α(T) < 2 − √3. Combining Lemmas 3.3 and 3.4, we
have that α(T)  (5 − √21)/2. 
Let Pn,d be the tree obtained from a path Pd+1 on vertices 1, 2, . . . , d + 1 by adding n − d − 1
pendent vertices at vertex 
 d+1
2
.
Lemma 3.6 [5]. For all trees of order n with fixed diameter d  2, the maximum algebraic connectivity is
attained by Pn,d.
Lemma 3.7. Let T be a tree with order n  45 and diameter d  5. Then α(T) < 5−
√
21
2
.
Proof. Since d  5, by Lemmas 3.6 and 2.4, we have that
α(T)  α(Pn,d)  α(Pn,d−1)  · · ·  α(Pn,5)  α(T(n, 2, n − 4, 1, 0, . . . , 0)).
Further, by Lemma 2.5, we know for n  45 that
α(T(n, 2, n − 4, 1, 0, . . . , 0))  α(T(44, 2, 40, 1, 0, . . . , 0)) < 1043
5000
<
5 − √21
2
.
The proof is complete. 
Lemma 3.8. Let T be a tree of order n  45. If T ∈ T∗⋃
(
4⋃
i=1
Ci
)
, then α(T) < 5−
√
21
2
.
Proof. Denote the diameter of T by dia(T). From n  45 and T ∈ T∗ it follows that T = P2, K1,n−1.
Therefore, d(T)  3. We distinguish the following three cases.
Case 1. Assume that dia(T) = 3. Since T ∈ T∗⋃
(
4⋃
i=1
Ci
)
, in particular,
T = S(1, n − 3), S(2, n − 4), S(3, n − 5),
T is the graph S(t, n − 2 − t) with 4  t  n − 6. The result follows by Lemma 2.7.
Case2.Assumethatdia(T)= 4.Note thatT ∈ T∗⋃
(
4⋃
i=1
Ci
)
, soT canbeexpressedasT(n, k, p1, . . . ,
pk) with p1  4. By Theorem 2.2, the result follows.
Case 3. Assume that dia(T)  5. The result follows from Lemma 3.7.
The proof is complete. 
From the definition of T∗, Theorem 4.13 of [2], Lemmas 3.5 and 3.8, we have the following theorem.
Theorem 3.1. If T is a tree of order n  45, then (5 − √21)/2  α(T) < 2 − √3 if and only if
T ∈ 4⋃
i=1
Ci.
Theorem 3.2. For n  45, S(3, n − 5), T(n, n − 5, 3, 1, 0, . . . , 0) and T(n, n − 6, 3, 1, 1, 0, . . . , 0)
are the three trees with the first, second and third largest algebraic connectivity in Tn \ T∗, respectively.
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Proof. By Lemmas 3.1–3.4 and 3.8, the result follows. 
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